Period-colour and amplitude-colour (PCAC) relations can be used to probe both the hydrodynamics of outer envelope structure and evolutionary status of Cepheids and RR Lyraes. In this work, we incorporate the PCAC relations for RR Lyraes, BL Her, W Vir and classical Cepheids in a single unifying theory that involves the interaction of the hydrogen ionization front (HIF) and stellar photosphere and the theory of stellar evolution. PC relations for RR Lyraes and classical Cepheids using OGLE-IV data are found to be consistent with this theory: RR Lyraes have shallow/sloped relations at minimum/maximum light whilst longperiod (P > 10 days) Cepheids exhibit sloped/flat PC relations at minimum/maximum light. The differences in the PC relations for Cepheids and RR Lyraes can be explained based on the relative location of the HIF and stellar photosphere which changes depending on their position on the HR diagram. We also extend our analysis of PCAC relations for type II Cepheids in the Galactic bulge, LMC and SMC using OGLE-IV data. We find that BL Her stars have sloped PC relations at maximum and minimum light similar to short-period (P < 10 days) classical Cepheids. W Vir stars exhibit sloped/flat PC relation at minimum/maximum light similar to long-period classical Cepheids. We also compute state-of-the-art 1D radiation hydrodynamic models of RR Lyraes, BL Her and classical Cepheids using the radial stellar pulsation code in MESA to further test these ideas theoretically and find that the models are generally consistent with this picture. We are thus able to explain PC relations at maximum and minimum light across a broad spectrum of variable star types.
cal pulsating stars follow well-defined Period-Luminosity relations (PLRs) which make them excellent distance indicators (Muraveva et al. 2015; Bhardwaj et al. 2016a Bhardwaj et al. , 2017a Ripepi et al. 2017; Subramanian et al. 2017; Beaton & Carnegie-Chicago Hubble Program Team 2018) .
The PCAC relations for classical Cepheids and RR Lyraes have been extensively studied to understand the hydrodynamics in their outer envelopes (Simon et al. 1993; Bhardwaj et al. 2014; Ngeow et al. 2017; Das et al. 2018) . RR Lyrae stars are on the Horizontal Branch (HB) and evolve towards higher luminosities and cooler temperatures in the HR diagram. However, depending on the morphology of the evolutionary tracks, RR Lyraes can evolve bluewards from a relatively red zero-age HB before turning redwards towards the AGB. Their period-colour (PC) relations have a particular structure: shallow/steep sloped relations at minimum/maximum light respectively. Classical Cepheids lie in a region of higher luminosities and cooler temperatures on the HR diagram with respect to the RR Lyrae stars: their PC relations at minimum (steep slope) and maximum (shallow slope) light are the opposite of RR Lyraes. ; Bhardwaj et al. (2014) ; Ngeow et al. (2017) and references therein contend that the changes in the PCAC relations are caused by an interaction of the stellar photosphere and hydrogen ionization front (HIF) in the outer envelope. The photosphere is taken as being at optical depth τ = 2/3 and the HIF is defined where the majority of hydrogen becomes ionized. However, PCAC relations for T2Cs at the maximum and minimum light have not been studied previously.
The classical picture of the theory of stellar evolution suggests that the progenitors of T2Cs evolve redward from the blue edge of the HB and may move up the Asymptotic Giant Branch (AGB) going through the BL Her-type and W Vir-type pulsation stages (Gingold 1985; Wallerstein 2002) . However, recent work by Gezer et al. (2015) ; Groenewegen & Jurkovic (2017a,b) ; Manick et al. (2017) among others questions this classical picture and the origin and evolution of T2Cs is not as well-understood as was once thought to be. Iwanek et al. (2018) confirmed BL Her stars to be as old as RR Lyraes while W Vir stars could be a mixture of old and intermediate-age stars. While Groenewegen & Jurkovic (2017a) found that BL Her stars may be explained by low-mass stars (∼ 0.5 − 0.6M ) evolving off the zero-age HB, they state that the evolutionary status of W Vir stars is unclear. This is because for the same luminosity, W Vir stars have longer periods and thus, lower masses than their short period classical Cepheid counterparts. However, evolutionary tracks of ∼ 2.5 − 4M stars cross the W Vir region in the HR diagram. Groenewegen & Jurkovic (2017a) suggested that the origin of W Vir stars may have some relation to binarity.
From the theoretical perspective, several linear and nonlinear convective models for RR Lyraes, Cepheids and T2Cs have been computed to study their pulsation properties and PLRs (Fiorentino et al. 2007; Marconi & Di Criscienzo 2007; Smolec et al. 2012; Marconi et al. 2013 Marconi et al. , 2015 Bono et al. 2016; Smolec 2016) . In the case of Cepheids and RR Lyraes, their light curve structures have also been compared with observations (Bhardwaj et al. 2017b; Das et al. 2018) . For T2Cs, Marconi & Di Criscienzo (2007) ; Smolec (2016) have employed non-linear models to investigate their pulsation modes. While they pulsate primarily in the fundamental mode, double-mode and overtone-mode T2Cs have also been found by Smolec et al. (2018) and Soszyński et al. (2019) , respectively. Recently, Modules for Experiments in Stellar Astrophysics (MESA, Paxton et al. 2011 Paxton et al. , 2013 Paxton et al. , 2015 Paxton et al. , 2018 Paxton et al. , 2019 incorporated radial stellar pulsation modules which can be used to generate light curves of these classical pulsators. Our aim is to compare the observed PCAC relations for RR Lyraes, classical Cepheids and T2Cs with a self-consistent set of pulsation models and relate the empirical variations to changes in the envelope structure and evolutionary states of these variables.
There are several reasons for comparing observed and theoretical PCAC relations. Firstly, PC relations at mean light are important in a wider astrophysical context because through the periodluminosity-colour (PLC) relations, they influence the PLRs which is vital for the distance scale and non-CMB estimates of Hubble's constant (Beaton et al. 2016; Riess et al. 2016 Riess et al. , 2019 . Traditionally, PC relations are studied at mean light (Tammann et al. 2003) but these relations are the average of the corresponding relations at various phase points during a pulsation cycle. Therefore in order to fully understand the physics behind these relations at mean light, it is important to study such relations during the pulsation cycle. Previous work has found small nonlinearities in the Cepheid PLRs (Bhardwaj et al. 2016b ) which may occur due to the significant variations in the PC relation at maximum and minimum light. Further, observed PCAC relations can be compared to theoretical PCAC relations obtained from extensive grids of theoretical pulsation models to constrain global stellar parameters (Bellinger et al. 2019 ) and hence constrain theories of stellar pulsation and evolution.
Here we focus on PC relations at maximum and minimum light and corresponding AC relations (Bhardwaj et al. 2014; Das et al. 2018 , and references therein) because the behaviour at these phases has been shown to be strongly influenced by the interaction between the HIF and the stellar photosphere. In previous work, Simon et al. (1993) ; Kanbur (1995) ; Kanbur & Phillips (1996) investigated how such interactions can strongly influence the behavior of PC relations at maximum (classical Cepheids) and minimum light (RR Lyraes). Later ; Kanbur & Ngeow (2006) ; Kanbur et al. (2007) modelled this interaction using 1D radiation hydrodynamic models of Cepheids and RR Lyraes. These authors found that the stellar photosphere and the HIF are not always comoving during a pulsation cycle. When the two are "engaged" (that is, the photosphere lies at the base of the HIF or the distance between them is small) at low temperatures, the temperature of the photosphere takes on the properties of the temperature at which hydrogen ionizes. From Saha ionization equilibrium theory, this temperature is independent of density at low temperatures, leading to a PC relation that is flatter or more independent of global stellar pulsation properties. This is the situation, for example, for Cepheids at maximum light. At minimum light for Cepheids, the photosphere and the HIF are not engaged and the temperature of the photosphere is dependent on global stellar properties -hence we have a sloped PC relation. In the case of RR Lyraes, the photosphere and the HIF are engaged through the pulsation cycle (Kanbur 1995; Kanbur & Phillips 1996) . However the interaction is at low temperatures at minimum light and hence RR Lyraes exhibit a flat PC relation at minimum light. At maximum light, this interaction is at higher temperatures and the temperature at which hydrogen ionizes or the temperature of the stellar photosphere is strongly dependent on temperature and global stellar properties. Hence we have a definite slope for RRab PC relations at maximum light but a flat PC slope at minimum light.
One measure of "engagement" between the photosphere and HIF is the distance between them in mass coordinates (Kanbur et al. 2007, and references therein) . In this work, we study how this distance varies across classical Cepheids, RR Lyraes and T2Cs and across pulsation phases. We emphasize here that for the purpose of this paper, the locations of different types of variable stars on the HR diagram and thus, in different evolutionary states determine the relative location of HIF and photosphere. A higher L/M ratio and/or a cooler effective temperature indicates greater distance between the HIF and the stellar photosphere (Kanbur 1995; Kanbur & Phillips 1996) . W Vir stars lie in the same region of the HR diagram as classical Cepheids. The HIF-stellar photosphere interaction theory (Kanbur 1995; Kanbur & Phillips 1996) implies that as a consequence of stellar evolution and because of similar locations of W Vir stars and classical Cepheids on the HR diagram, the PC relation obeyed by W Vir stars should be similar to that for classical Cepheids. We also note that previous work has found some statistically significant differences in PCAC relations between the Galaxy, LMC and SMC, though the general nature (that is, flat PC relation at maximum/minimum for Cepheids/RR Lyraes) is preserved. Hence is is important to understand the effect of metallicity with a view to using such observed PC relations at multiple phases to constrain models. It is in this context that we study the PCAC properties of T2Cs in the Bulge and the Magellanic Clouds for the very first time, to the best of our knowledge using the best available data and pulsation codes and compare with results for Cepheids and RR Lyraes. Hence this project aims to find direct observational evidence supporting the HIF-stellar photosphere interaction in the outer envelopes of variable stars and to probe the PC relation across a broad spectrum of classical pulsating stars in different evolutionary stages.
The structure of this paper is as follows: The theoretical motivation of this project is discussed in Section 2 while Section 3 describes the observational data used in this analysis and the Fourier decomposition technique. The extinction-corrected period-colour and amplitude-colour relations are briefly discussed in Section 4. We study the distance between the HIF and the stellar photosphere of RR Lyrae, BL Her and classical Cepheid models computed using MESA in Section 5. Finally, we summarise the results of this study in Section 6. Kanbur (1995) found that the HIF was further out in the mass distribution in RR Lyrae stars as compared to classical Cepheids, i.e., the HIF is closer to the surface of the star with a higher effective temperature. In fact, Kanbur (1995) noted that the HIF lies further in the mass distribution as L/M increases and as T eff decreases. While this result may be expected because Cepheids are cooler than RR Lyraes, it is nevertheless instructive and important to be able to demonstrate it both computationally and theoretically. To physically justify this statement, let τ be the optical depth in terms of the Rosseland mean opacity. Then the temperature T in the stellar envelope can be approximated by
THEORETICAL FRAMEWORK
where T eff is the effective temperature and q(τ) is the Hopf function, a monotonically increasing function of τ (e.g., Hopf 1930) . We may consider T eff to be constant at ∼ 10000K at the base of the HIF.
Since q(τ) increases monotonically with τ, the opacity of the HIF increases with decreasing effective temperature. Therefore, the HIF lies farther from the surface when the star is cooler. To investigate and contextualize this within the stellar evolution theory, we used MESA to calculate the evolution of a star with an initial mass of 0.83 M and initial composition of Y = 0.25, Z = 0.001 and study the relative location of the HIF and the stellar photosphere as it moves off the horizontal branch. We used the Grevesse & Sauval (1998, GS98) mixture for heavy-mass elements, nuclear reaction rates from the Nuclear Astrophysics Compilation of Reaction Rates (NACRE, Angulo et al. 1999) , and the Opacity Project at Livermore (OPAL) equation of state and type-two opacities (Iglesias & Rogers 1996; Rogers & Nayfonov 2002) . We treated convection using Böhm-Vitense (1958) mixinglength theory with a solar-calibrated mixing length (α MLT 1.84). We calculated mass loss using Reimers' prescription with a mass loss rate of η = 0.5 (Reimers 1975; Fadeyev 2019) . We tracked the evolution from the pre-main sequence through the main sequence (MS), up the red giant branch (RGB), past the helium flash, onto the horizontal branch (HB), and finally onto the asymptotic giant branch (AGB). Fig. 1 displays the location of the HIF compared to the photosphere as a function of stellar age. We note that this relative location or distance varies considerably during the evolutionary track. During the HB phase of evolution, the HIF is located near to the stellar photosphere (Kanbur 1995) . After the exhaustion of helium in the core, when the star moves off the HB, it moves to brighter luminosities and cooler temperatures. That is, its L/M ratio increases and its T eff decreases. Consequently, the HIF moves deeper into the mass distribution of the star. Figs. 1, 2 and 3 display these arguments. Fig. 1 presents the relative location of the photosphere and HIF at various stages during the life of a 0.632M star. The star has an initial mass of 0.83M and only reaches this low mass at the advanced stages of evolution. After the HB phase we see clearly that the HIF moves further away from the photosphere. Figs. 2 and 3 display this in greater detail. The left panel of Fig. 2 presents the location of this star on the HB whilst the right panel displays its outer envelope structure -specifically its temperature, opacity and ionized hydrogen structure. Fig. 3 is the same but for a star on the AGB. We clearly see that as the star moves to the AGB, its HIF moves further into the mass distribution.
DATA AND METHODS
In order to confirm these proposed HIF-photosphere interactions, we now obtain the PCAC relations from observations for stars at Fractional radius log 10 (1 − r R) Figure 3 . The same as Figure 2 , but at a later stage of evolution; now on the asymptotic giant branch. The hydrogen ionization front for an AGB star at equilibrium is located deeper into the stellar interior. 
where the phase x is calculated as:
where t 0 is the epoch of maximum brightness and P is the pulsation period. The order of the fit, N is obtained using the Bart's criteria (Bart 1982) by varying it from 4 to 8. From the Fourier-fitted light curves, we obtain colour at maximum, minimum and mean light as:
where I phmax and I phmin correspond to the I-magnitude at the same phase as that of V max and V min , respectively. The amplitude in V is simply defined as the difference between the maximum and minimum of the magnitude in the V-band.
To correct for extinction in the classical Cepheids and T2Cs in the LMC and SMC, we obtain their colour excess E(V − I) values using the reddening maps of Haschke et al. (2011) and convert to their (Tammann et al. 2003) . The extinction values are found by adopting the reddening law of Cardelli et al. (1989) (Schlegel et al. 1998) .
For the T2Cs in the Galactic bulge, we first use the extinction maps of Gonzalez et al. (2012) and adopt the standard reddening law from Cardelli et al. (1989) 
Given the non-standard nature of the reddening law towards the central Galactic bulge (Popowski 2000; Udalski 2003; Nishiyama et al. 2009; Nataf et al. 2013; Matsunaga et al. 2013) , we also use the extinction calculator provided by Nataf et al. (2013) to obtain the colour excess E(V − I) and extinction A I . This calculator primarily assumes the E(J − K s ) measurements of Gonzalez et al. (2012) . The A V values are then estimated by using E(V − I) = A V − A I . We only use the first method of extinction correction for the classical Cepheids in the Galactic bulge.
These extinction corrections are applied to the magnitudes and colours at minimum, mean, and maximum light during the pulsation cycle. We fit linear-regression models to extinction corrected PC and AC relations for different classes of pulsating stars. Throughout this paper, we employ an iterative 3σ outlier clipping during the regression analysis and points beyond this threshold are considered outliers.
ANALYSIS AND RESULTS

The statistical tests
The F-test
Earlier studies by and Bhardwaj et al. (2014) showed a break in the PC relations for fundamental mode classical Cepheids in LMC and SMC at a period of 10 days at both minimum and maximum light. To test for any possible break in the PC relations for OGLE-IV classical Cepheids in the Magellanic Cloud, we use the F-test, which has been well-described in and Bhardwaj et al. (2014) . We briefly outline the method here: a single regression line may fit the data over the entire period range under the null hypothesis while two separate regression lines are required to fit the data having periods shorter/longer than 10 days under the alternate hypothesis, where we are testing for a break in the PC relation at a period of 10 days. The reduced model under the null hypothesis may then be written as:
and the full model under the alternate hypothesis is:
where (V − I) max/min is colour at maximum or minimum light.
The F statistic is defined as follows (see example, Bhardwaj et al. 2014) :
where RS S R , RS S F are the residual sums of squares in the reduced . PC and AC relations for T2Cs in the Bulge from OGLE-IV at minimum, mean and maximum light. The different sub-classes are shown in different colours. However, the dashed line is the best fit linear regression for T2Cs as a whole with the different sub-classes combined, after recursively removing the 3σ outliers (depicted in smaller, shaded symbols). The PC and AC relations obtained for the sub-classes separately may be found in Table 2. model and the full model, respectively and n is the total number of stars in the entire dataset. The statistical significance of the variation in slopes at periods shorter/longer than 10 days may be studied by comparing the observed value of the F statistic with the critical value, F C = F 2,n−4 at 95% confidence level. An F statistic greater than the critical value or the probability of the observed value of the F statistic, P(F) < 0.05 would mean the rejection of the null hypothesis, thereby confirming the presence of a break in the PC relation at 10 days.
The t-test
We use the standard t-test to statistically check the equivalence of PC slopes of different types of pulsating variable stars. We briefly outline the method here; detailed description may be found in Ngeow et al. (2015) . The T statistic to compare slopes,Ŵ of two linear regressions with sample sizes, n and m, respectively is de-fined as:
where Var(Ŵ) is the variance of the slope. The critical value under the two-tailed t-distribution is t α/2,ν , where α=0.05 with 95% confidence limit and degrees of freedom, ν = n + m − 4. The null hypothesis of equivalent PC slopes may be rejected if T > t α/2,ν or the probability of the observed value of the T statistic, p < 0.05. Simon et al. (1993) introduced the concept of PCAC at maximum and minimum light as a way to probe the radiation hydrodynamics of the outer envelope in Cepheids and were able to explain the flat and sloped PC relations for Galactic Cepheids at maximum and minimum light, respectively. This was extended in a series of pa- pers (Bhardwaj et al. 2014; Das et al. 2018 , and references therein).
Period-colour and amplitude-colour relations
Here we study PCAC relations for T2Cs and classical Cepheids using the latest available data.
Type II Cepheids
The (Bhardwaj et al. 2014) . We note that the slope of PC relation at minimum light for W Vir stars is significantly greater than at maximum light. In fundamental mode classical Cepheids, the HIF and stellar photosphere are engaged at low densities only at maximum light leading to a flat PC relation. Apparent similarity in the behaviour of W Vir stars with long-period classical Cepheids in the PCAC plane suggests that HIF and stellar photosphere interactions are similar in these two classical pulsators as they also occupy the same region on the HR diagram.
In the PC relations of BL Her stars, we observe a significant, positive PC slope in the Bulge and the LMC and a flat (but negative) slope in the SMC at both minimum and maximum light. certainties at minimum and maximum light; however, there is high dispersion in all the cases.
Classical Cepheids
The PC and AC relations for classical Cepheids in LMC and SMC from OGLE-IV are shown in Fig. 7 and summarised in Table 3 . We have used the F-test to statistically identify any possible breaks in the PC and AC relations. As can be observed from Table 3 , we find breaks in the PC as well as AC relations at a period of 10 days at both minimum and maximum light for classical Cepheids in LMC and SMC. The longer period classical Cepheids have a flat PC max within 3σ uncertainties and a significantly sloped PC min relation for both LMC and SMC. Also, at maximum light, longer period classical Cepheids have a shallower PC max than their shorter period counterparts. This is similar to the results found in the earlier studies for classical Cepheids in LMC and SMC by and Bhardwaj et al. (2014) . We have excluded classical Cepheids in the Galactic bulge from any statistical test because of the avail-ability of very few stars from the OGLE-IV dataset. We note that the PC relations at maximum/minimum show statistically different slopes between long and short period Cepheids and between the LMC and the SMC. In future work, these differences can be used to constrain extensive grids of Cepheid pulsation models.
Comparison of Period-Colour relations
It is important to quantitatively compare the PC relations at maximum, mean and minimum light between the different classes of variable stars and different metallicity environments. Since previous work (Bhardwaj et al. 2014 , and references therein) has suggested nonlinearities in PC relations, we investigate whether the data used in this paper show evidence of this. Nonlinearities in PC relations will be useful in constraining stellar pulsation and evolution models.
We summarize the results of the statistical t-test to compare PC slopes in the LMC and SMC across a broad spectrum of variable star types in Tables A1 and A2, RRab stars in LMC and SMC using OGLE-IV data have been taken from our recent work (Das et al. 2018 ). We discuss the results from this comparison below:-(i) Slopes of the PC relation for W Vir stars are equivalent with those for the longer-period classical Cepheids at both minimum and maximum light for LMC but only at minimum light for SMC.
(ii) The PC min slopes for BL Her stars and RRab stars in SMC are statistically similar.
(iii) BL Her stars have statistically similar PC slopes with those from longer period classical Cepheids in LMC at minimum light and with those in SMC at maximum light.
(iv) In SMC, BL Her stars have PC slopes equivalent with those from W Vir stars at both minimum and maximum light while in LMC, they are statistically similar only at minimum light.
(v) BL Her stars have PC slopes equivalent with those from shorter period classical Cepheids at both minimum and maximum light in SMC but only at maximum light for those in LMC.
(vi) For both LMC and SMC, PC slopes from W Vir stars and RRab stars exhibit different behaviour at minimum and maximum light.
(vii) As expected, RRab stars and classical Cepheids never have similar PC slopes; this is because of the existence of flat PC min for RRab with a significantly sloped PC max and flat PC max for classical Cepheids with a significant slope in PC min .
The central result from these tables is the following: RRab stars have a flat or shallow slope at minimum light and a statistically significant larger slope at maximum light. BL Her stars have a much smaller difference between the PC slopes at maximum/minimum light than RRab stars, similar to short-period classical Cepheids. WVir stars, in contrast, have statistically significant flat or shallow (perhaps negative) slopes at maximum light and a statistically significant non-zero slope at minimum light -a situation that is similar to that of long-period classical Cepheids. There may be further real differences between different galaxies, but for this paper we concentrate on this broad conclusion and seek to explain this in terms of the detailed physics of the outer envelope and how this changes as a result of stellar evolution.
We also see that the PCAC analysis of OGLE-IV data displayed in Fig. 7 and quantified in Table 3 portray very clearly a sharp break in the PCAC relations at a period close to 10 days. This is consistent with previous work by Bhardwaj et al. (2014) using OGLE-III data. The interpretation of this break in the PC relation arises from arguments given in Kanbur et al. (2007) ; Bhardwaj et al. (2014) , and references therein regarding the interaction of the HIF and stellar photosphere. For periods shorter than about 10 days, the HIF and stellar photosphere are engaged at high temperatures and hence the temperature of the photosphere is the temperature at which hydrogen ionizes. This is in a regime where Saha ionization equilibrium is sensitive to temperature and density and hence, sensitive to global stellar parameters. Since colour is a measure of the temperature of the photosphere and period is dependent on global stellar parameters through the period-mean density theorem, we would expect a non-zero slope for the PC relation. However, as the L/M ratio goes up and the temperature goes down, the period increases and the HIF and photosphere become disengaged at many phases, except around maximum light when the HIF is at its furthest point in the mass distribution. This engagement at maximum light at lower temperatures and densities implies that the temperature of the stellar photosphere is again the temperature at which hydrogen ionizes but this time the temperature at which hydrogen ionizes is somewhat independent of global stellar parameters and hence we have a flatter PC slope for these long period Cepheids. The AC part of PCAC arise from arguments first presented in Simon et al. (1993) : changes in PC relations will be reflected in AC relations and this is what we find. OGLE-IV PCAC results for RR Lyrae stars are presented in Das et al. (2018) and again are consistent with the above ideas. Hence it is important to see how the latest available data for T2Cs in different metallicity environments compare to results for Cepheids and RR Lyraes.
HIF-STELLAR PHOTOSPHERE INTERACTION -THE THEORETICAL APPROACH
Several aspects of our theoretical approach have been outlined in the introduction and earlier sections and in earlier papers (Simon et al. 1993; Kanbur 1995; Kanbur & Phillips 1996; Kanbur & Ngeow 2006; Kanbur et al. 2007 ). In summary, the properties of mean light PC relations are determined by the properties of PC relations at different phases during a pulsation cycle and at maximum and minimum light, these are determined by the interaction of the stellar photosphere and the HIF.
In an effort to understand the interaction of the HIF and the stellar photosphere during the pulsation cycle, we theoretically study the HIF-stellar photosphere distance (see at minimum and maximum light using the radial stellar pulsation code in MESA. We use MESA r-11701 (Paxton et al. 2019) to compute RR Lyrae, BL Her and classical Cepheid models, the parameters of which are listed in Table 4 . We chose this pulsation code because it is a state-of-the-art pulsation code that is open source. Further it allows some flexibility in treatments of turbulent convection and opens up the possibility of using future detailed studies to constrain theories of turbulent convection in classical Cepheids and RR Lyraes. Here we show that in terms of light curves, it matches observations well. In common with many other pulsation codes (Marconi et al. 2015) it uses the diffusion approximation to model radiative transfer, though future plans include more sophisticated treatments of radiative transfer.
The input parameters for these models (Z, X, M/M , L/L and T eff ) have been taken from literature (see e.g. Marconi et al. 2015 for RR Lyraes, Marconi & Di Criscienzo 2007 for BL Her models and Table 1 of for classical Cepheids). We may choose to use any of the four sets of convection parameters as outlined in Table 4 of Paxton et al. (2019) . Set A corresponds to the simplest convection model, set B adds radiative cooling, set C adds turbulent pressure and turbulent flux, and set D includes these effects simultaneously. In the present work, we choose to use the simplest (Set A) and the most complex (Set D) convection models for the same input parameters. A study of the effect of different sets of convection parameters on the light curve structures of the models is planned for the future. For our analysis, we proceed with only those models that have full-amplitude stable pulsations in the fundamental mode. Fourier analysis of these models shows considerably good match between the models and observations in the Galactic bulge, LMC and SMC for OGLE-IV RR Lyraes, BL Her stars and classical Cepheids with respect to their Fourier parameters and thus, their light curve structures.
Theoretical period-temperature and period-colour relations at maximum and minimum light
The variation of temperature with period for the computed models at minimum and maximum light is displayed in Fig. 8 and tabulated in Table 5 . We find a relatively well-defined period-temperature relation at minimum light across different types of pulsating variable stars considered. However, there is a higher dispersion in the period-temperature relation for the same models at maximum light. Considering RR Lyrae models, while the temperature range between the reddest and the bluest models at minimum light is ∼500K, it is as high as ∼2000K at maximum light. Also note that if we were to expand the period scale, we would find the periodtemperature relation for RRab stars at minimum light to be relatively shallow, consistent with observations. From Table 5 we find Table 4 . A summary of the RR Lyrae, BL Her and classical Cepheid models computed with MESA for the present analysis with a unique combination of (Z, X, M/M , L/L and T eff )). P A and P D indicate period in days using convection sets A and D, respectively. All the models presented here are fundamental mode pulsators. The entries marked with "-" are those that did not have full-amplitude stable pulsations in the fundamental mode. that a flat (or flatter) period-temperature relation at maximum light within 3σ uncertainties exists for RR Lyraes, BL Her and Cepheid models using both sets of convection parameters while RRL models also have a flat period-temperature relation at minimum light using the convection set A.
The PC and AC relations from the computed models are summarised in Table 6 . The PC slopes from RR Lyrae and Cepheid models do not compare well with observations which show flat PC min for RRab stars and flat PC max for long-period classical Cepheids. However, we point here that the reason may be due to the fewer number of models used. A future study would involve computing a fine grid of models to rigorously constrain models that compare well with observations with respect to their PC slopes. For the purpose of this paper, we show the comparison of the the-oretical PC relations for the computed models with observations from OGLE-IV RR Lyraes, BL Her stars and classical Cepheids in the Galactic bulge, LMC and SMC in Figs. 9, 10 and 11, respectively. There is a good overlap in the PC relations between models and observations from the Galactic bulge, LMC and SMC at both minimum and maximum light. The models have consistent results with observations with respect to both Fourier parameters as well as colour. Subsequently, we use these models to probe the temperature and opacity profiles and to study the distance between the HIF and the stellar photosphere in an attempt to understand the microphysics of the outer envelopes of these pulsating variable stars. Figure 11 . Same as Fig. 9 but for observations from SMC. Fig. 12 presents the plots of the temperature and opacity profiles as a function of mass distribution for each of RR Lyrae, BL Her and classical Cepheid models. The mass distribution is measured by the quantity Q = log(1 − M r /M), where M r is the mass within radius, r and M is the total mass. The photosphere is defined as the zone with optical depth, τ = 2/3. From Fig. 12 , we find that the photosphere (shown in filled circles) at maximum light lies further out in the mass distribution than at minimum light; this is expected as the star expands and contracts during its pulsation cycle. However, we observe that the photosphere at maximum light lies much further out in the mass distribution in the case of RR Lyrae (Q ∼ −9) and BL Her (Q ∼ −7.5) as compared to Cepheids (Q ∼ −6). Both the temperature and opacity values increase as we move from Cepheids to BL Her to RR Lyraes at maximum and minimum light. The HIF and stellar photosphere can either be engaged or disengaged. The top two left panels of Fig. 12 show an engaged HIF and photosphere while the bottom left panel depicts an example of where they are not engaged. In fact this panel shows an example of where the HIF and photosphere are engaged at one phase (maximum light) and disengaged at another phase (minimum light). When the HIF and photosphere are disengaged, the temperature of the photosphere and hence the colour of the star is more dependent on global stellar parameters and hence exhibits a relationship with period. When the HIF and photosphere are engaged at low temperature (T < 6300K), the temperature of the photosphere and hence the temperature of the photosphere is somewhat independent of density and hence the relation with period is reduced (e.g. RRab's at minimum light, Cepheids at maximum light). When the HIF and photosphere are engaged at higher temperature (RR Lyraes at maximum light, overtones), ionization equilibrium is more sensitive to temperature. In this situation, the temperature of the photosphere is the temperature at which hydrogen ionizes and this has a stronger dependency on period.
Temperature and opacity profiles
HIF-Stellar Photosphere Distance
The HIF is defined as the zone with the steepest gradient in temperature. The distance between the stellar photosphere and HIF, ∆ may then be defined in terms of Q = log(1 − M r /M). The interested reader is referred to Fig. 9 of for a clear, pictorial representation. Fig. 13 displays the distance between the HIF and stellar photosphere as a function of log(P) for a range of theoretical models from RR Lyraes to BL Hers to classical Cepheids. The error bars are estimated from the coarseness of the grid points around the location of HIF. The top and bottom panels represent the distance between the HIF and stellar photosphere at maximum/minimum light respectively. Firstly we note that at maximum light, the HIF and photosphere are always closer together: the distance between HIF and photosphere is always smaller for a given model at maximum light. For RR Lyraes, the HIF and photosphere are always engaged, but at minimum light, this occurs in a temperature regime for which the ionization of hydrogen is somewhat independent of temperature. Because the HIF and photosphere are engaged, temperature of the photosphere is just the same as the temperature at which hydrogen is ionized and this occurs at a temperature that is somewhat independent of period -hence we have flat/shallow PC relations at minimum light for RRab stars. At maximum light, the star is hotter, the HIF and photosphere are still engaged but in a regime that is more sensitive to temperature changes and hence the temperature of the photosphere, which is still the temperature at which hydrogen ionizes, is more sensitive to global stellar parameters and hence we have PC relation at maximum light for RRab stars. Because the RRc stars are hotter, they exhibit nonflat PC relations at maximum/minimum light. Cepheids have higher L/M ratios and are cooler than RR Lyraes and hence from the work of Kanbur (1995) and Kanbur & Phillips (1996) the HIF lies further inside the mass distribution than in the case for RR Lyraes. The HIF and photosphere are disengaged at minimum light and hence the temperature of the photosphere and hence the colour at minimum light are dependent on stellar parameters and we have PC relation with a significant slope. The HIF and photosphere are engaged at maximum light at low temperature and hence we have flattish PC relation at maximum phase. We may regard BL Her stars as intermediate between Cepheids and RR Lyraes. At minimum light there is sufficient disengagement so that the temperature of the photosphere is somewhat dependent on global stellar parameters and hence period. At maximum light, the situation is similar to maximum light for RRab stars. BL Her stars are cooler and brighter than RR Lyraes. Our analysis from Section 2 and the work of Kanbur (1995) and Kanbur & Phillips (1996) suggest that the HIF is further inside the mass distribution, thus increasing the distance between the HIF and stellar photosphere. Fig. 13 is broadly consistent with this picture. The top panel shows a fairly constant distance between stellar photosphere and HIF at maximum light across variable star type. An interesting result to note from the top panel is the presence of models with zero or negative distance between the HIF and the stellar photosphere at maximum light -a situation where the photosphere "climbs" up the HIF. A detailed study of the D to R ionization front transition (see Adams & Castor 1979) in Cepheids and RR Lyraes may be useful to analyse this situation. The bottom panel (distance between stellar photosphere and HIF at minimum light) displays a sharp jump in the distance at a period of about log(P) ≈ 0.5 followed by an approximately linear increase with period.
WVir stars are highly adiabatic and this poses some problems for existing stellar pulsation codes -hence we have not used MESA-RSP to model WVir stars. However, since they occupy a similar region of the HR Diagram as classical Cepheids, our contention is that the HIF-stellar photosphere interaction will be similar to that in Cepheids. Figs. 2 and 3 provide strong evidence that as stars move off the HB and upward along the AGB, the relative positions of the HIF and stellar photosphere change in such a way as to make this plausible.
DISCUSSION AND CONCLUSIONS
We have analysed the largest available dataset of T2Cs in the Bulge, LMC and SMC from the OGLE-IV survey for the first time. We found that there exists a flat PC slope at maximum light for W Vir stars in Bulge, LMC and SMC within 3σ uncertainties. This is similar to the flat PC max slope observed in long period classical Cepheids from present work and Bhardwaj et al. (2014) . Also, the PC min slope of W Vir stars is much greater than the slope at maximum light. We observed a flat but slightly negative PC min slope in BL Her stars from SMC (−0.251 ± 0.339) similar to that obtained for RR Lyrae stars from SMC at minimum light (Das et al. 2018) . The slopes of the PC relations for RV Tau stars in Bulge, LMC and SMC are flat within 3σ uncertainties at minimum and maximum light. However, there is high dispersion in all the cases. Using the statistical F-test, we find a break in the PC relations at a period of 10 days for classical Cepheids in LMC and SMC from OGLE-IV at both minimum and maximum light, similar to earlier results from and Bhardwaj et al. (2014) . There exists a flat PC max within 3σ uncertainties and a significantly sloped PC min for the longer period classical Cepheids in both LMC and SMC. We have also carried out t-test to study the equivalence of PC slopes in LMC and SMC across a broad spectrum of variable star types and found the results to statistically support the above mentioned results.
We also computed a few RR Lyrae, BL Her and classical Cepheid models using the radial stellar pulsation code in MESA to theoretically study the distance between HIF and stellar photosphere at minimum and maximum light. We found that RRL models have a flat period-temperature relation at minimum and maximum light within 3σ uncertainties using both sets of convection parameters A and D and a flat period-temperature relation at maximum light within 3σ uncertainties exists for BL Her and Cepheid models using both sets of convection parameters. The period-temperature relation for the models has a higher dispersion at maximum light than at minimum light. We also found the models to have consistent results with observations with respect to both Fourier parameters as well as colour. The HIF and stellar photosphere are engaged and co-moving at maximum light for classical Cepheids, which results in a flat PC slope at maximum light. However, they are disengaged at minimum light and we observe a significant slope in PC min . For RR Lyraes, the HIF and stellar photosphere are engaged during both minimum and maximum light. However, at maximum light, the temperature at which hydrogen starts to ionize appreciably is in a range where Saha ionization equilibrium is much more sensitive to temperature than at the temperatures associated with minimum light, even though the range of densities are similar. This results in a flat PC min slope but a significant slope in PC max . BL Her stars are cooler and brighter than RR Lyraes; thus we suggest that the HIF is further inside the mass distribution, thereby increasing the distance between the HIF and stellar photosphere. The models computed using MESA are broadly consistent with this picture. We have not computed W Vir stars using MESA; however, similar locations of W Vir stars and classical Cepheids on the HR diagram and similar behaviour of PC relations from observations for both suggest similar HIF and stellar photosphere interaction. Thus, in this work, we have incorporated the PC and AC relations for RR Lyraes, BL Her, W Vir and classical Cepheid stars in a single unifying theory that involves the interaction of the hydrogen ionization front and stellar photosphere and the theory of stellar evolution. Fig. 14 summarizes the main results in the form of a flowchart. An exception to these results are the flat PC relations for BL Her stars at both minimum and maximum light and for W Vir stars at minimum light in the SMC. However, we note here that the statistical sample of stars in the SMC is small (∼ 20 BL Her and ∼ 15 W Vir stars). Paxton et al. (2019) have outlined the physical and numerical assumptions incorporated in the MESA-RSP code and demonstrated that it produces stable, multi-wavelength light curve models for a broad spectrum of variable stars. To evaluate possible systematics in MESA-RSP models due to the input physics such as the equation of state, opacities or color-temperature transformations, it is important to compare these with different pulsation models in the literature. Since MESA-RSP has just been published (Paxton et al. 2019) , detailed comparisons between pulsation results with this code and others in the literature have not yet been carried out. We note that comparisons between observations and data for a wide class of radially pulsating stars were reasonable (Paxton et al. 2019) . MESA-RSP follows the work of Smolec & Moskalik (2008) in its treatment of stellar pulsation and uses a particular theory of turbulent convection (Kuhfuss 1986 ). Other similar codes (Marconi et al. 2015) use the convection formulation outlined in Stellingwerf (1982a,b) . MESA-RSP affords the possibility of varying the convection parameters used. Using turbulent convection parameter sets A and D (Paxton et al. 2019) suggest that our results are robust to this. In common with other pulsation codes in the literature, MESA-RSP uses the diffusion approximation to account for radiative transfer. Relaxing this assumption is certainly a project for the future but we do not anticipate that a more detailed radiative trans- Figure 14 . A summary of the HIF-stellar photosphere interaction theory explaining the different behaviour of PC relations across a broad spectrum of variable star types at minimum and maximum light. fer will affect the general character of the results presented here. Previously, Simon et al. (1993) and Kanbur & Phillips (1996) used purely radiative models, whilst Kanbur et al. (2007) and Das et al. (2018) used convection theories from Kuhfuss (1986) and Stellingwerf (1982a) , respectively and found similar qualitative results regarding the behaviour of PC relations of classical Cepheids and RR Lyraes. While a detailed comparison of input physics in different pulsation models is beyond the scope of this paper, we are computing a fine grid of Cepheid and RR Lyrae models covering the entire parameter space using MESA-RSP, which will be used to explore possible systematics and constrain pulsation models in the future.
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